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VIBRATIONS IN THE OPEN COMPOUND KINEMATICAL
CHAIN

The aim of the research was to create a model of vibration processes in the compound
open kinematical chain with an external link. A mechanical and mathematical model of the
lateral oscillations of the system during the external link accelerated motion is proposed.
Correlation between longitudinal acceleration and natural frequencies are obtained. There are
recommendations regarding determinations of the virtual forms of external link’s vibration. The
models and methods have been adapted for realization in the engineering method using well-
known mathematical CAD systems. An example of the mechanical-mathematical model of a
complex open kinematic chain allows us to study complex dynamic processes of the impulse
nature that characterize the behavior of the "arrow-bow™ system, in particular, vibrations and
loss of stability of the arrow during its joint movement with the bow. The proposed approach to
simulation of vibration processes in a complex open kinematic chain allows carrying out the
implementation by numerical methods from a set of standard subroutines of widely available
SCM packages. Il.: 3. Ref.: 7 Items
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Introduction. A simple open kinematic chain is widely used to simulate
dynamic processes in manipulators of industrial robots [1]. The design of a
model of the bow-arrow system is based on a complex open kinematic chain
[2]. The boom is modeled by a rod that forms only one kinematic pair — a hinge,
which makes the kinematic chain open. This hinge (bowstring socket) connects
three kinematic links — two branches of the bowstring and an arrow, which
makes the kinematic chain complex.

The joint movement of the arrow with the bow is characterized by intense
dynamic processes, in particular, dynamic longitudinal bending and vibrations.
The lateral (in the projection on the transverse plane of the bow) component of
the arrow vibration was investigated using the model of a flexible rod, which is
loaded with the longitudinal force of inertia and the driving force of the
bowstring, accelerating the rod. The inertial and elastic properties of the bow
(closed kinematic chain) in this model are taken into account by an elementary
mechanical oscillator attached to the bowstring socket [3].
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The corresponding mathematical model has been represented by a
differential equation with variable coefficients and inhomogeneous boundary
conditions. The algebration of the boundary value problem is carried out by
constructing an iterative process by representing the Eigen forms of the rod by
a polynomial with the subsequent implementation of the solution of the problem
using a computer program in a high-level programming language.

The joint movement of an arrow with a bow in the projection on the main
(vertical) plane was investigated using the model of a hinged kinematic chain
with absolutely non-deformable rods-links . In this case, the mathematical
model was represented by a system of differential equations with variable
coefficients and initial conditions. The solution of the corresponding Cauchy
problem was carried out by the Runge-Kutta method using the “Mathematica
Wolfram” computer mathematics system (CMS) [4, 5].

The purpose of this work is to create a mechanical and mathematical
model of a complex open kinematic chain for the analysis of vibration processes
in the "bow-arrow" system, taking into account the bending deformations of the
arrow.

General approach to modeling. On the basis of generalization of the
described models, it becomes possible to achieve the outlined goal. The solution
of these problems has been brought to the level of engineering methodology,
although the use of SCM, other things being equal, looks more convenient and
practical. Therefore, a mandatory requirement for the model to be created is its
suitability for implementation in one of the SCMs generally available for
engineering practice. Judging by the papers, a mathematical model for the
analysis of dynamic processes in a complex open kinematic chain can be a
system of partial differential equations with partial derivatives of time and
longitudinal coordinate of the rod. Although there are ample opportunities for
solving differential equations in modern commercial computer packages, we
have not found standard functions for solving this initial-boundary value
problem in the well-known SCMs.

On the other hand, the mechanical-mathematical model of dynamic
longitudinal bending and rod vibration can be reduced to a system of simple
differential equations by specifying a hypothetical form (or several forms) by
functions that correspond to the boundary conditions (or some of them) and are
qualitatively similar to the Eigen forms, which can be used to describe this
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dynamic process approximately and in general. A necessary condition for
success with this approach is a successful choice of analytical functions from
which hypothetical forms are "constructed", and the criterion for their similarity
to real forms is the proximity of hypothetical values of natural frequencies to
the corresponding real values. Thus, the problem of the dynamics of a complex
open kinematic chain can be reduced to the Cauchy problem in the form of a
system of ordinary differential equations with initial conditions [6,7].

Let us consider such a problem on the example of the dynamics of the
"bow-arrow" system, which can be modeled by a connecting rod-rocker
kinematic chain close to a symmetrical relatively open link-rod (boom) (Fig. 1).
The rocker arm (bow handle — 1) is hinged to the rack (shooter’s hands — 0). At
the ends, connecting rods are attached to the rocker with elastic hinges (bow
arms — 2, 3), to which, in turn, the branches of the bowstring are attached — an
elastic stretched thread.

Since the branches of the bowstring are stretched throughout the operation
of the mechanism (bow), they can be considered as connecting rods (4, 5). In
the socket of the bowstring, an open link (arrow — 6) is hinged, which
"complicates" and at the same time "opens" the chain. The asymmetry of the
kinematic chain is due to the fact that the arrow and the arm holding the bow
must be in different places — the hand holds the bow handle in the middle, and
the arrow is slightly higher.

Symmetric design model. Since the asymmetry of the chain is small (3—
4%), the corresponding symmetrical scheme of the kinematic chain can be
adopted for the analysis of hypothetical shapes of bending oscillations of the
boom with an accuracy acceptable for engineering calculations. Since the
bending deformations of the boom do not exceed 5% of its length, we adopt a
geometrically linear model of transverse displacements in the kinematic chain.
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Fig.1. Symmetric design model of a complex kinematic chain.

The geometric and force parameters of the neutral position of the chain
are as follows (see Fig. 1):
h+1cosb =scosy ;

Isin@+ssiny =¢&p; Q)

cs(s—sp)Isin(@+y)=c;(0+9),
where ¢ is virtual stiffness of the riser; Sp is length of the string in a free
situation; ¢ is angle of the riser in the free situation; £On is reference bogy

system fixed to the pivot point of the handle (0). Other parameters are clear on
the scheme model.

At a small deviation from the neutral position, the corresponding ratios
for the upper (U) and lower (L) parts of the kinematic chain are as follows:

h+lcos(By /i +x)=5y /L COSYY /L £ NA;
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+hie+1sin(By /L 2 x)+sy/LsiNYy /L =€as (2)

Cs(su /L —So)1sin(Bu /L +vu/L)=c1(6u /L +o),
where in double arithmetic signs, the upper one refers to the ratios for the upper
half of the chain, and the lower — refers to the lower one.

Let’s connect the geometric parameters of the neutral and offset positions
of the chain:

By /L=0+A0y,L;
Yu/L=Y+AYu /L (3)

Su/L=S+ASy/L,

where the letter A denotes small displacements and deformations. After
substituting (3) into (2) and transforming (1), we get a system of three linear
with respect to the sums (ABy +A0 ), (Ayy +Ay. ), (Asy +As, ) of the

homogeneous algebraic equations as follows:
1(ABy + A8 )cos+s(Ayy + Ay )cosy +(Asy +As )siny =0;

1(ABy +A8 )sind—s(Ayy + Ay )siny +(Asy +As; )cosy =0; (4)

[cs(s—sg)1cos(0+y)—c; (A, + A0, )+cs(s—sp)lcos(0+vNAyy +Ay )+
+Cglsin(0+v)Asy +As| )=0.

The determinant of this system in real correlations of characteristics of
modern sports bows
S S—S
T0<2; S—°< 0,02; 20° <0 +y <180°,
0
5p5—5g cos(B+y)
I s sin?(6+y)

As a result, the system (4) has only zero solutions:

> 0.

Cs(5—50)1% c0s?(0+1)+c;s+cgl%ssin?(0 +y)x| 1

Aeu +A9|_ 20; AYU +AYL =O; ASU +AS|_ =0,

So, in the future, when studying the small transverse oscillations of a
symmetrical kinematic chain, we can assume:
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ABy =—-A0 =1; Ayy =-Ay; Asy =-As_; Ay =-A0L =7". (5)

As a mathematical model of these oscillations, it is expedient to take the
Lagrange equation of the second kind:

0, (6)

1(6Tj_£+£_
dt{oqi ) og; Oq;

where T and P are the kinetic and potential energy of the system, respectively,

gj — generalized coordinates; ¢ — time; (’)E%t dash indicates a partial

derivative of time. Taking into account equations (5), the expressions of energy
have been derived [1]:

1{mAn'A2 +(IH +2m|h2)'('2+2||(t'+1(')2 +}

2 4mprihx’ (7 + ' cosd — (t+ x)sin 6]

P=R+P, %

where mp is virtual mass of a string and an arrow; | is moment of inertia of

the handle, stabilizers and a sign relatively a pivot point; 7, — moment of inertia
of the riser; I — a distance of a center of mass;
R = %CI [(eU +0)2+(0, +0)>—2(0+ (p)z]: ¢t — change in the potential energy

of the bowstring and is: As =—[ltsin(0 +v)+ (& ax +na)cosy].
Assigning generalized coordinates (qi =K T’nA)’ let us write down the

differential equations of transverse oscillations of the kinematic chain:

lex"+1,7"+CsAsE 5 COSY =0 % MAN'A +CsAscosy =0, ®)

Where |K :%IH +m|h|2+ || +2m|h|r| COSG;
17"+t +CglAssin(0+y)+ 18" =0, 1, =1} +mhrj cosO .

Geometric parameters of the neutral position of the chain (§A,9,y), we

have determined from the system of equations (1).
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Natural Frequencies @ and forms of oscillations of the system have been
determined by substituting solutions of equation (8) in the determinant:

TR P < P
¥ by by =0, )
_ 2 2 . _ 2.
where b =Cs(EaCOSY)” —0| by =CsEACOS™ v
by = Cel SIN(0 +7)E 5 COSY — 21 ; bee = cg[lsin(0+ )P + ¢ — 0?1}
2 2
by = Cs €0S” Y — Zma0”.

A preliminary analysis of the vibrations in the circuit under consideration
can be carried out assuming that the outer link is a non-deformable rod, which
is, neglecting its compliance, which is significantly less than the compliance of
the elastic joints Hu and Hy reduced to the axis of the hinge A (see Fig. 1). We
take into account the inertial properties of the outer link by bringing them to the
axis of the hinge. The mass of the arrow reduced to the bowstring socket (the
hinge connecting the outer link to the chain) is determined from the system of
equations of the amount of motion and the moment of the amount of movement:

la la

[u@ma@)dz=mana; [u(z)na(2)zdz=0, (10)
0 0

where (z) — distributed mass of a string; My — its whole mass; l; — length of
a string; 774(2) =na +wZ — lateral displacements of a free chain as a solid shift.

By substituting this form into equation (9), we obtain the expression for the

la

, [u(z)zdz
reduced mass: mp = %, where rp = 0 is a distance to the center
ra+r3 Ma
|a
[n(@)(z-rp)?dz
0

of mass of a string; Iy = — radius of inertia of a string.

My
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For example, a modern sport bow of common size could be modeled by
the kinematic chain with mechanical parameters as follows: 1, =0.671 kgm?;

m =0.0953 kg, h =04343 m; I, =0.006344 kgm? r =0.2165 m;
=048 m; ¢; =120.78 m; €5 =14000 m; s3p =0.85 m; Ep =1, =07 m;
0=0.7608 rad; y=0.4410 rad; my =0.0091 kg. By substituting these

parameters into equation (9), we obtain the values of the Eigen circular
frequencies ) =132.293 s i 0, =1730 s. If you neglect the malleability of

the bowstring (CS = 00) , the circuit will have only one natural frequency smaller

than 0.05%. The solution was obtained using standard subroutines from the
SCM MathCAD package.

Model of a chain. Dynamic processes in the complex open kinematic
chain are accompanied by intense vibrations, in particular, bending oscillations
of the outer link, associated with the loss of dynamic stability in the transverse
direction [3]. The engineering technique for analyzing these processes can be
based on a model of dynamic longitudinal bending of a rod describing an outer
link, with a simple mechanical oscillator attached to it, describing the closed
part of the kinematic chain.

The stiffness of connecting rods in kinematic chains of this type under
consideration is generally significantly higher than the stiffness of elastic
hinges, therefore, in the future, for the analysis of vibration processes, we can
adopt a model of a simple linear oscillator with a flexible rod hinged attached
to it (Fig. 2). The vibrations of the free rod may be considered as decomposed
according to their own forms, but the predominant contribution usually belongs
to the form of the fundamental tone or the first two forms. These proper shapes
have one, two, or three nodes.

Eigen forms are written using Krylov functions, but with accuracy
acceptable for engineering calculations, instead of exact expressions of Eigen
forms, hypothetical forms can be adopted, which describe these forms quite
accurately and allow calculating the corresponding Eigen frequencies with an
acceptable error [3].
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Fig.2. A virtual scheme model of vibration in the open kinematic chain: g is gravity
acceleration.

To "construct" hypothetical shapes, we use a linear function and a sine
wave. As a model of a hypothetical form of vibration of the outer link, it is
advisable to use a sinusoid half-wave shifted in the plane of the kinematic chain,
which makes it possible to obtain the values of natural frequencies and
amplitudes of vibrations with accuracy acceptable in engineering calculations:

. Tz . 2mz
na3=nA+wz+f25|nT—+f3smli, (11)
a a

where fy, f3- amplitudes of components of bend deformations.

Potential and kinetic energy in the system have been derived as follows:

I 2 )2
1 1 0
P:ECB(HB—HA)ZEIS(Za{ nzaj dzg +
0

073
| z 2 2
1 a a 61’] 8]]
+=E&n p(z [—aj dx+[—aj 2,=1, |dZg;
2 g a g 07, N

|

1 o 1@ ,

T =5m3n52 +E J-Ha(za)rlazdza ,
0
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where cg — virtual stiffness of risers (internal chain); mg — virtual mass of a

bow; €(z;) — distributed stiffness of an arrow (external chain). By substituting

the expression for the form (11) in the last two expressions, we obtain the
expressions of the energy of the system under transverse oscillations:

1
P :ECB(TIB —ﬂA)2

la
msh[ 5

+ mp(law2 + ;

Mgk

2

f

Ia

2 12 5

! +_ 1
nAa 3 A4

1€ ! ’ 4 ! 14 2 1€/
Byt +lanay +—nafl +=lay'f;
T T T

2
2

+

4
PRV IR ¥ S
\lf ‘|’2 a 2 | 3

f2 4"’°‘f3?+
13
a a
2
2+Ef2f3
a a 3Ia
+2Lf3J
Ia
2 )2 ]
2" 13"
2 2

2 2 2
+manA +Mp (s +1ay')” +mgnj

-

|

(12)

where m, — the mass of the boom shaft (i.e. without the mass of the tip and

shank).

Assigning generalized coordinates 0

=na,MB,V, f2, f3 and substituting

the energy expressions into the Lagrange equation (6), we obtain a system of
equations of transverse oscillations of the chain:

14 m n 2 n .
(Mgh +Ma +Mmp In'p +(75h+mpj|a\lf Mgy fg—cg(ng —Ma)=0;

£_5h
3

+Mp

mgng +cg(ng —ma)=0;

)'a‘l’“{%er }n + 30 Msh fs—
+H =4+ m
K 2 °

123
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P

2 14
+ —(%+mp)f2 +gmshla\u+§msh f3 &—A:O;
2\ 2 T 3 la

msh

f2+ ms 77A+ f2+

(13)

4
msh f3"— mshl ,,+87I &
2 o 2

a

+[n2m3h f3 +§m5h f2 + 27‘[2mp fg} élA =0.
a

like (9), the main determinant of the system of equations (13) linear with respect
to amplitudes is equated to zero:

boo bor bo2 boz bos
* by b bz by
* % by bpg by =0, (14)
*oo* T bgy by

1
where boo:v—(l+gA+gB)Q2; b01=—v; b02 :—(—

2
+ Q-
=3

2 . 2.
b03=—;f22: bosa =b1p =by3 =014 =0; by =v—-cgQ~;

2 2
1 1 Q°+20 Q
b22 :—(§+QPJQ2—[E+QP)®; b23 =—T; b24 =—

21
bss :%{nz[%z —(%+gpjcp}—92} by, :—gcb ;

2
1 Q m m m
b44=2”2{4”2_(_+§Pj®}__;€A: Aicp=—Fcg=—";
2 2 Mgh Mg Mgp

3 3
Mep | m cgpl
92:@2 sha;(D —&A sha;U: Ba

< € €
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To identify the optimal (from the point of view of simplicity and sufficient
accuracy in engineering calculations) model of the vibration form of the external
link, let us consider simplified versions of the hypothetical shape model (11).
One of them describes the movements of the free link as a non-deformable rod:

Nal =NA+VZ, (15)

and the second — as a flexible rod with two knots of bending deformation:

. Tz
naZ:nA+\yz+f23|nl—. (16)
a

Natural Frequencies An arrow loses stability at critical values of
longitudinal acceleration (the "exact" solution [3]). The approximate solution
obtained using the hypothetical form (16) gives ®: = 15.42 (error 4.3%), and
using the hypothetical form (11) — ®; = 14.56 (1.6%) and ®> = 65.68 (16.3%).
The hypothetical form (15) does not describe the loss of stability at accelerations
@1 and d, and the form (16) describes the loss of stability at only one value of
acceleration (®1). As can be seen from the data (Table 1) and graphs (Fig. 3),
all three hypothetical forms give an exact ("degenerate™) solution for dg = 0.

Similar to the previous problem (symmetric circuit diagram), in this case,
the solution was obtained using standard subroutines from the SCM MathCAD
package. Thus, the proposed approach to modeling vibration processes in a
complex open kinematic chain allows to implement the solution by numerical
methods from a set of standard subroutines of widely available SCM packages.
Thus, the mechanical-mathematical model of a complex open kinematic chain
allows us to study the complex dynamic processes of an impulse nature that
characterize the behavior of the "arrow-bow" system, in particular, vibrations
and loss of stability of the arrow during its joint movement with the bow.

A graphical representation of the dependencies of the system’s natural
frequencies on the magnitude of the acceleration of the longitudinal motion of
the outer link (Fig. 3) allows us to establish that with an increase in acceleration,
the natural frequencies decrease.
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Table 1. Values of natural frequencies of the kinematic chain

Model ® — longitudinal acceleration
0 10 20
[3] 0 5.29j 12.41j
(15) 0 4.90j (-7.4%)* 7.55] (39.0%)
(16) 0 5.24j (-0.5%) 11.46 (-7.5%)
(11) 0 5.30j (0.2%) 12.65 (2.0%)
[3] 6.63 5.43 5.83j

(15) | 7.01 (5.7%) 5.90 (9.8%) -
(16) | 6.65(0.3%) | 5.52 (1.76%) 5.30j (-9.1%)
(11) | 6.64 (0.2%) 5.44 (0.2%) 5.69j (-2.4%)

[3] 15.66 8.63 5.46
(15) - - 5.42 (-0.7%)
(16) | 15.70(0.3%) |  8.81(2.1%) 5.47 (0.2%)
(11) | 15.69(0.2%) |  8.55(0.9%) 5.46 (0.0%)
[3] 45.96 41.16 35.80
(11) | 46.01(0.1%) |  41.25 (0.2%) 36.17 (1.0%)

*Note: Errors relative to the exact solutions [3].

One of the eigen forms of vibrations in the presence of acceleration
reflects the loss of stability of the free link, which is manifested in a monotonous
increase in the angle of rotation of its axis relative to the direction of longitudinal
movement. At the value of acceleration corresponding to the value of the
dimensionless parameter ® = 15, there is a loss of stability of the free link along
the first bending shape, which has one node, and at ® = 65 — along the second
bending shape, which has two nodes.

In the range of small and medium accelerations (@ < 10) the accuracy of
solutions for natural frequencies when using models of hypothetical shapes with
two (16) or three (11) nodes, taking into account the requirements of
engineering calculations, is almost the same (error within 2%). In the range of
big and medium accelerations (® > 20), achieving of such accuracy is possible
only when using a hypothetical shape model with three nodes (Table 1).
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Fig.3. Dependence of the natural frequencies of the circuit on the acceleration of the
longitudinal motion of the free link: j = (-1)¥2 — imaginary unit.

The use of a hypothetical shape model with one node (15) leads to errors
higher than 5% and can be recommended for a preliminary analysis of vibration
processes in a circuit when the bending component of vibration can be
neglected.

Conclusion. Dynamic processes in a complex open kinematic chain are
accompanied by intense vibrations, in particular, bending oscillations of the
outer link, associated with the loss of dynamic stability in the transverse
direction. The engineering technique for analyzing these processes can be based
on a model of dynamic longitudinal bending of a rod describing an outer link,
with a simple mechanical oscillator attached to it, describing the closed part of
the kinematic chain.

As a model of a hypothetical form of vibration of the external link, it is
advisable to use a sinusoid half-wave shifted in the plane of the kinematic chain,
which allows obtaining the values of natural frequencies and amplitudes of
vibrations with accuracy acceptable in engineering calculations. The
mechanical-mathematical model of a complex open kinematic chain allows us
to study complex dynamic processes of an impulse nature that characterize the
behavior of the "arrow-bow" system, in particular, vibrations and loss of
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stability of the arrow during its joint movement with the bow. The proposed
approach to simulation of vibration processes in a complex open kinematic
chain allows carrying out the implementation by numerical methods from a set
of standard subroutines of widely available SCM packages.
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Mertoro mocmimkeHHS OyJIO CTBOPEHHS MOAeNi BiOpalmiiiHMX TpoIeciB y
CKIIQJIHOMY PO3IMKHYTOMY KIHEMaTHYHOMY JIAHIIO31 13 30BHIMIHBOIO JIAHKOIO.
3anporoHOBaHO MEXaHIYHy Ta MaTEMAaTUYHY MOJIEIb TTOTIEPEYHIX KOJIUBAHb CHCTEMH
MiJ] 9ac TPUCKOPEHOTO pyXy 30BHIIIHBOI JAHKA. OTpUMaHO KOPEJAII0 MiXK
HO3ZI0BXKHIM TIPHCKOPEHHSIM Ta BIACHUMH 4YacToTamH. HamaHo pexoMeHnamii momo
BU3HA4YCHHs BipTyasbHUX (popMm BiOparmii 30BHIIIHBOI JlaHKH. Mojem Ta MeToau
aZanToBaHI AN peanizamii 1H)KEHEPHUM METOJOM 3 BHKOPHCTAHHSM BiJJOMHX
matemarnuHux CAIIP. [lpuknag wmexaHiKO-MaTeMaTHYHOI MOJEINi CKIAIHOTO
PO3IMKHYTOTO KiHEMAaTHYHOTO JIAHITIOTa JO3BOJISAE JOCHIKYBATH CKIAIHI TUHAMIYHI
MIPOIIECH IMITYTILCHOTO XapaKTepy, IO XapaKTepH3yIOTh MOBEAIHKY CHCTEMH "'cTpina-
nmyk", 30Kpema, Bibparlii Ta BTpaTy CTIHKOCTI CTPLIH il Yac i1 CIUTBHOTO PYXY 3 JIyKOM.
3anporoHOBaHNN MiIXiA [0 MOAENIOBaHHS BiOpAIlifHMX MPOILECIB Y CKIaTHOMY
PO3IMKHYTOMY KiHEMATHUYHOMY JIAHIFO31 JIO3BOJISIE 3IIHCHIOBATH  peai3alliro
YHCIOBUMH METOJaMU 3 HAOOpy CTaHIAPTHHUX MiAMPOTrpaM MIMPOKOJIOCTYITHUX MAKETiB
SCM. In.: 3. BiGmiorp.: 7 Ha3B.
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The aim of the research was to create a model of vibration processes in the
compound open kinematical chain with an external link. A mechanical and
mathematical model of the lateral oscillations of the system during the external link
accelerated motion is proposed. Correlation between longitudinal acceleration and
natural frequencies are obtained. There are recommendations regarding determinations
of the virtual forms of external link’s vibration. The models and methods have been
adapted for realization in the engineering method using well-known mathematical CAD
systems. An example of the mechanical-mathematical model of a complex open
kinematic chain allows us to study complex dynamic processes of the impulse nature
that characterize the behavior of the "arrow-bow" system, in particular, vibrations and
loss of stability of the arrow during its joint movement with the bow. The proposed
approach to simulation of vibration processes in a complex open kinematic chain allows
carrying out the implementation by numerical methods from a set of standard
subroutines of widely available SCM packages. Il.: 3. Ref.: 7 Items
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