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TRANSVERSE OSCILLATION OF A PLATE STRUCTURE
WITH ALL SIDES FIXED UNDER NORMAL LOADS

This article examines the transverse vibration of a rectangular plate structure, with all
sides fixed, under normal loads applied to its surface using bimoment plate theory. The problem
was solved using the finite difference method. Numerical results for calculating the normal
displacements and stresses are presented. Figs.: 12. Table: 2 Refs.: 17 titles.
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Introduction. Rectangular plate structures are widely used in various
fields of construction and industry. External forces acting on a plate structure
can be periodic and varying in frequency. When the frequency of external forces
coincides with the eigenfrequency of the plate structure, resonance occurs,
which can lead to its failure within a short time. When the frequency of external
forces varies, it is important to know not only the frequency of the first tone of
free vibrations but also the frequencies of several subsequent overtones, which
can also cause resonance. Calculating the strength fluctuations of plate
structures under normal loads is one of the most important problems in solid
mechanics. Such forces can arise, for example, when plate structures come into
contact with other structures or with the soil. Below is an analysis of scientific
research on calculating the strength fluctuations of plate structures.
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Dynamic calculations of multilayer (three-layer) plates are based on
Kirchhoff's hypotheses or refined theories, such as Timoshenko's theory, where
the main unknowns are the displacements of the midsurface of the plate [1] and
the isotropic material. These equations are used to derive refined vibration
equations. The proposed algorithm allows one to determine the stress-strain
state of points in a viscoelastic system.

When constructing a theory, the hypotheses and assumptions used in
Kirchhoff-Love shell theory lead to significant shortcomings and errors [2]. In
these theories, when deriving the vibration equations, the unknowns are the
main components of the displacement of points on the midsurface of the filler;
there are usually six of them. If the boundary conditions are formulated
accurately, the number of unknowns increases to twelve according to the authors
of reference [3]. An n-th-order model [4] has also been developed for calculating
the shear strain of a functionally graded multilayer composite plate. Article [5]
presents an exact solution in which each term of the series is trigonometric and
hyperbolic, and identically satisfies the boundary conditions at all four edges.
The solution has three terms, with the first term corresponding to the strip case
and the other two terms representing edge effects. The method for obtaining the
solution is simple and straightforward. To illustrate the method, numerical
values of the deflections are calculated and compared with the results of
previous studies.

The problem of a uniformly loaded rectangular plate with elements fixed
at all edges was solved by Hencky and, independently, by Bubnov. Bubnov
performed accurate calculations for several aspect ratios of the plate, while
Hencky performed refined calculations only for the case of a square plate [6].

Hutchinson used the solution presented in [7] and compiled a table of
deflections for uniformly loaded rectangular plates. Obtaining numerical values
of deflections for a rectangular plate can be difficult. In references [8, 9], a
unified series of cosines for rectangular rigidly fixed plates was presented.

R. Singhal et al. [10] conducted experimental studies to obtain the
eigenfrequencies of vibrations of rectangular plates with various boundary
conditions.

In [11], forced vibrations of a viscoelastic three-layer plate of a certain
type and some problems using numerical solutions are presented. Methods,
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algorithms, and software have been developed for obtaining resonant
frequencies and analyzing vibrations for a rectangular viscoelastic sandwich
plate.

A spectral dynamic stiffness model for plate structures reinforced by
beams is proposed in [ 12]. The theory is general enough to allow plate structures
to be subject to any arbitrary boundary conditions, but, importantly, the beam
stiffeners can have open or closed cross-sections and can be connected to the
plates with or without eccentricity.

References [13 — 15] discuss the development of a theory and method for
calculating thick plates. The theory and method were developed to evaluate the
stress-strain state of thick plates without simplifying hypotheses within the
framework of three-dimensional elasticity theory. In developing the theory, all
components of strain and stress arising from the nonlinearity of the law of
displacement distribution across the plate thickness were taken into account.
The equations of plate motion were constructed in terms of forces, moments,
and bimoments. The solution method was based on exact expressions in
trigonometric functions.

The studies conducted in [16, 17] are devoted to the numerical solution of
the problem of transverse vibrations of a multi-story building within the
framework of a solid plate model under seismic impact. A cantilevered
anisotropic plate is proposed as a dynamic model of the building. The theory for
this plate was developed within the framework of three-dimensional dynamic
elasticity theory and takes into account not only structural forces and moments,
but also bimoments.

Formulation of the problem. Let a rectangular plate structure, with all
sides fixed, be subject to a normal load applied along its face, as shown in
Figure 1.
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Figure 1. Rectangular plate structure with all sides fixed, subject to normal
loads.

We introduce the following notations: plate dimensions in plan a and b,
thickness H=2h, where half the thickness of the plate structure is 4. To

describe the mechanical characteristics of the plate structure, we introduce the
following notations: for the elastic moduli E, E,, E,, for shear moduli

L
G,,,G,3,G,, for Poisson's ratios: v,,,v,,,v,, -

To determine stress through deformation, it is necessary to find the
following elastic constants E;;, Ej,,..., E5;, determined through Poisson's ratios

and the modulus of elasticity:

E11 = Elglll Ezz = Ezgzz’ E33 = E39331
E12 = E21 = E1g12 = Ezgnv E13 = E31 = E1g13 = E3931'
E23 = E32 = Ezgz3 = Esgszi
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The problem is considered in a rectangular coordinate system. X;, X,

and z. Let on the front surface z=+h the plates be subject to external

distributed surface normal loads ¢!, q{”, g{” along the corresponding

directions of the coordinate axes. Similarly, surface loads are applied to the front

surface 7, g7, @7 in the directions of the coordinate axes. In this case, we

direct the axis vertically downward along the thickness of the plate structure.
The distributed normal surface load is applied to the top face of the plate
structure, z=-h.

Bimoment theory is based on the well-known Cauchy relations, the
generalized Hooke's law, the three-dimensional equations of the general theory
of elasticity, and boundary conditions [13 — 15].

Moments, forces, and bimoments are represented by nine unknown
functions, listed below:

- (+) (=) h h
qu’ F:ijusdz, ;7:%ju322dz,
2 2h -y 2h” 5 (1)
_ uP-u? -~ 1o ~ 1
u, = —2 v W = W_jhukZdZ, ﬁk = W_jhukz dz, (k :1'2)'

Let us write down the equations of motion of the plate with respect to
bending, torque moments and relative shear forces [13 — 15]:
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+ — + Hqg, = ,
%, o, Qus a, > ry,
oM,, OJM,, ~ H? -
+ — +Hg, = — : (2)
%, o, Qzs a: > PY>
0Qi5 + 0Q5;

+ 20, = pHr
X, OX, d: =2

where p — is the density of the plate material

Bending, shear moments M,;,, M,,, M,, and shear forces Q,;, Q,, are
defined as follows.

h 2 ~
H oy
M, = [oyzdz=—o7] E, 2 +E
11 J.h 11 2 ( 11 axl

h 2 ~ ~ =~ \A7
H 0 0 2(r =W
M,, = :[]Uzzzdz =7[E12 %‘F Ex Vo _ Exs g}

oV, ¢ 2(f-W)
12 axz 13 H !

oX,

3
H 3)
h
_ _ H" [ oy, 6l//z
MlZ_MZl_J;O-HZdZ_G 7(874‘ axl
" or
Qs = [ordz = Gl{Zu +H a_J
*ﬂ e
b3 = J.O'stz = GZ3(ZU2 +H a—]
“h 2

Bimoments P;, P,, P,, generated by bending and shear of the plate
are determined by the following formulas

1" H2(_ o8B
P.= F Iallzsdz =7(E11
h

Bog 0B g 267-WD)
0%, OX, H
1" H2(_ op 0 2(37 -W
Pzz = F _[O'zzzgdz = 7('512 a_fll + Ezz alfzz E23 %} (5)
H? . (3B, 9B
3 _ _1 Y2
P, I612 z°dz= 2 12( x| ox -
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Intensities of transverse normal bimoments p;3, P,; and Ps; are
defined by expressions
~ 20, —4y, oy
Pxs = Gks[—k Y +_]/J, (k =1,2),

H OX, ©)

The equations for bimoments in bending and transverse shear are
obtained in the following form:

oP, P, .- ~ H? =
421235 +Hg =—pf,
x| ox, P13 g, 5 PPy
oP,, 0P, - - H? =
—2 4+ —2_3p,,+Hd,=—pp, , 7
x| ox, P23 g, 2 PP, (7

op op - - =
H—2+H—2-4p,,+2q, =Hpy.
ox, X, P33 + 205 1%/4

Equations (2) and (7) form a joint system of six equations for nine
unknown functions: v, v, ﬁl, ,51, u, u,, r, 7, W.

Equations (2) and (7) contain nine unknown functions, which is
insufficient for an unambiguous solution to the problem. Three more equations
are required for unambiguity. To construct these missing equations, we expand
the displacements u in a Maclaurin series [14]. We present these equations for

the problem of bending vibrations:

-~k

1 9912 %13 = pliy,
0% OX, H
- - —_— s 8
00y 00, Oy = ()
+ + = pU;

0%, OX, H

0y , O, , Gas _

9
ox;, ox, H ©)
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Here 6,,, 0,,, 0,, are determined from Hooke's law taking into account

the conditions on the front surfaces:
11 11 ox, 12 _8X2 Eas 31
- « OU « 0, E, ;-
6oy =E,—+E,, —2+—-27q,, 10
22 12 o 22 X, ' Ey ds (10)
- ou, ou
2 1

210(338, 97, — 4, )
(11)

ﬂ:GkC% H2
aXk E33 ESS aXl ESS 8X2
+T_|2(qk Gys a\)/(\:]’ (k:1,2),
G _g 21 97 — 2W 7
?_ 33 Hz
. a(q@Wj a(q@WJ (12)
X\ G o0 0%, | Gyy  OX,
G, aﬁzJ

ou - du,
32 aXz
The system of equations (2), (7) - (9) constitutes a joint system with

respect to nine unknown functions /,, v,, U, U,, ﬁl, ﬁl, r, v, W
Boundary conditions. It is believed that the edges of the plate structure
X, =0, x, =a, X, =0 and x, =b are rigidly fixed. At the fixed edges of the

plate structure, the conditions of equality of generalized displacements to zero
(13)

must be satisfied:
‘r;l:O’ El =0, 1/72 =0, Bz =0,
u =0, U,=0, r=0, =0, w=0
Solution method. The methodology and algorithm for numerically
solving the problem of vibrations of a plate structure under normal dynamic
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loads are developed using the finite difference method. To approximate the
derivatives of displacements with respect to spatial coordinates, we use
formulas for central difference schemes. To approximate the derivatives of
stresses, forces, moments, and bimoments, we use central finite difference
schemes at half-steps, which have second-order accuracy. The conditions for the
vanishing force factors of the plate at the free edges are approximated by the
vanishing arithmetic mean of the displacements of the external and internal
points. The following formulas of the finite difference method are used to
approximate the derivatives of displacements, stresses, and force factors.

The derivatives of the functions of generalized displacements at the
central point of the partition are determined using the formulas for the central
difference.

of _ i — fie of _ fia—fija
X ), | 20%, X, ), | 20X,

When approximating derivatives of stresses, forces, moments and
bimoments, central finite-difference schemes on half-steps are used, which have
the second order of accuracy:

F -F* -F
OFS w2 i ORY i i

=2 2_ =2 2 (i=LN; j=L,M).
OX, AX, oX, AX,

We represent the second derivative of a function with respect to time
within the framework of the finite difference method in the following form:
2 ¢k k+1 k k-1
ot f57—2f5 + 1

ot? At?

b

where At — is the time step.
When implementing the numerical method for solving the given problem,
we select the steps in spatial coordinates and time as follows:

a b i
Axl :N, sz ZMv CAtSmln(Axllez)'

Here Ax, =a/N, Ax, =b/M —is the step in grid method calculation.
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The program for calculating the displacements and force factors of a
multi-story building was developed in the Delphi algorithmic environment.

Results analysis. We assume that the plates are made of reinforced
concrete with an elastic modulus £=20,000 MPa, a density of p = 2500 kg/m?,
and a Poisson's ratio of v = (.3. The dimensions of the plate structure (thickness,
length, and height) are assumed to be H=I m, a=10 m, and b=10 m,
respectively. The mesh division numbers are: N=M=20.

The normal force qf”, is applied to the top of the plate structure in the

form of a uniformly distributed force according to the harmonic law.
al? =g, sin(ayt) , (14)

where (, and @, — the amplitude and frequency of external force. During

calculations, the frequency of the external force varies.

Let us introduce dimensionless displacements on the front surfaces of the
plate z=—h and z=+h according to the following formulas:
k=12), W=V F_ET (15)

_EL = By Y P
0 0

CHg, " T Hg,

=N

k

We introduce dimensionless stresses using the formulas

= 0y = Oy
Op=—"" Op =" (16)

o %o

Figures 2 and 3 show a graph of the change in the generalized

longitudinal dimensionless displacement y, and generalized transverse

dimensionless displacement r depending on time ¢, at the frequency of external
force cw, =100rad/s.
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t(s)

Figure 2. Graph of changes in the generalized longitudinal dimensionless
displacement &1 depending on time t, at the frequency of external force
@, =100 radss.

300 ; ; [ ; = a

=0

250 oo ff gt -
2004

sod-t--H--

JRTVTLE SIS O R (R

JRCT-7 O ) O D 1 A | N

D L

0,54 t (S)

-250

Figure 2. Graph of changes in the generalized transverse dimensionless
displacement T depending on time t, at the frequency of external force , =100
rad/s.

Figure 4 shows the oscillation modes in the generalized longitudinal

dimensionless displacement y/, in the generalized transverse dimensionless

displacement T atthe frequency of external force e, =100 rad/s.
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Figure 4.The oscillation modes in the generalized longitudinal dimensionless
displacement &1 in the generalized transverse dimensionless displacement T at the

frequency of external force v, =100 rad/s.

Figures 5 and 6 show the changes in the generalized longitudinal

dimensionless displacement w, and generalized transverse dimensionless

displacement T plotted near the eigenfrequency, i.e., when the plate state

transitions to the resonant mode.
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Figure 5. Graph of changes in generalized longitudinal dimensionless

displacement depending on time t, at the frequency of external force &, = 50
rad/s.
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Figure 6. Graph of change in generalized transverse dimensionless
displacement ? depending on time t, at the frequency of external force cw, =50
rad/s.
Figure 4 shows the oscillation modes in the generalized longitudinal

dimensionless displacement y, in the generalized transverse dimensionless

displacement T atthe frequency of external force «w, =50 rad/s.
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Figure 4. The oscillation modes in the generalized longitudinal dimensionless
displacement 1/71 in the generalized transverse dimensionless displacement I at the

frequency of external force cw, = 50 rad/s.
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Table 1 shows the maximum values of displacement of a plate structure at
different frequencies of external force g .

Table 1.
Maximum displacement values, at midpoint (X1 =alll, x,=b/ 11) of plate

structure at different frequencies of external force g .

@qQ . (5.%,) ET EW Eq EU, Evy, Evy,
(in %) v Hq, Ha, Ha, Hy, Ha, Ha,
100 311,360 308,08 14,922 14,922 4,956 4,956
70 634,149 642,790 25,634 25,634 8,285 8,285

50 [x _a :Ej
(resonan Tt 12717,051 12596,383 449,647 | 449,647 | 147,565 | 147,565
t state)
30 731,442 727,923 25,069 25,091 8,112 8,113

Above, we calculated the numerical values of the generalized
displacements of the plate at resonance and near-resonance states using the
mathematical model we constructed for the plate and the program we wrote for
it. Now let us examine the stress state of the plate at resonance and near-
resonance states.

Figures 8 and 9 show graphs o,,/q, and &,,/q, at the values of the

frequency of external force.

5'11/(]0

t(s)

Figure 8. Graph &3, /q,, at the frequency of external force @, =100 rad/s.
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Figure 9. Graph &,, / q,, at the frequency of external force @, =100 rad/s.

Figures 10 and 11 show the graphs &,,/q, and &,,/q, plotted near the

eigenfrequency, i.e., when the plate state transitions to the resonant mode.
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Figure 10. Graph of change in &, /0, at the frequency of external force w, =50
rad/s.
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Figure 11. Graph of change in &,,/(, at the frequency of external force

@, = 50rad/s

Figure 12 shows the oscillation modes &,,/q, in coordinates X1, X2 and
z, at the values of the frequency of external force @, =100 rad/s and
@, = 50rad/s.
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Figure 12. Oscillation modes &, /q, in coordinates X1, X2 and z, at the values

of the frequency of external force cw, =100 rad/s and @, = 50rad/s.
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Table 2 shows the ratio of normal stress values &,,/q, and &,, /g, to the
value of the amplitude of external force qg for different frequencies of external
force wgq . When studying the stress state of the plate by calculating using the
program, it was found that the maximum values &,,/q, are achieved at the
plate point (x, =a/20, x, =b/11) and maximum values &,, /q, are achieved
at the plate point (X1 =al/ll, x,=b/ 20), respectively. Therefore, Table 2
presents the stress values recorded at these points.

Table 2.

Values of normal stresses 011/0q and 0, /q,, and the value of external

force qq for different values of natural oscillations g .

g , (in rad/s) (X, X,) Gyl Q. G 1,
100 (x,=al20, x, =b/11) | 26,447 26,447
(x, =a/11, x, =b/20) 6,391 6,391
70 (x, =a/20, x, =b/11) 64,948 64,948
(x, =a/11, x, =b/20) 15,197 15,197
50 (x,=al20, x, =b/11) | 1245,930 321,221
(resonantstate) ['(y _a/11 x,=b/20) | 321,221 1245,930
30 (x, =al20, x,=b/11) | 80,072 80,072
(x, =a/ll x,=b/20) | 18,912 18,912

Symmetry of stress values o,,/q, and &,,/q, can be explained by the

fact that the plate has a square shape. Consequently, even refined theories that
do not consider transverse compressibility of the plate material are not suitable
for dynamic calculations of the plate near the resonant mode.

Conclusion.

Based on the conducted research, the following conclusions are drawn:

A spatial bimoment theory is proposed that is suitable for describing the
dynamic behavior of plates under forced vibrations.
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The proposed bimoment theory of plates enables dynamic calculations of
anisotropic thick plates taking into account the spatial stress-strain state.
Accurate formulas are constructed for determining the internal forces, moments,
bimoments, and generalized displacements of plates. These formulas enable the
determination of the maximum values of generalized displacements and stresses
of plates.

Dynamic calculation methods are developed for determining the
displacements, internal forces, moments and bimoments of plates under various
edge fixation and external loading options.

A method for dynamic calculations of thick plates under external periodic
loading is developed. This method enables the evaluation of the dynamic
behavior of thick plates near the resonant state.

A spatial dynamic plate model is developed within the framework of
bimoment theory that is suitable for describing the dynamic behavior of
buildings under seismic vibrations.
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YK 539.3
IMonepeyHi KoOJMBAHHS IJACTHHYACTOI KOHCTPYKUiI 3 3akpimieHuMH Bcima

CTOPOHAMM MiJA HOPMAJbHHMH HaBaHTa:keHHssMH / Maxmarani Ycapos, Llyxpar
AckapxogxaeB, ®ypkar YcanoB // Bicamk HTY "XIII". Cepis: I[adopmarmka Ta
MmozemoBanHs. — Xapki: HTY "XIII". — 2026. — Ne 2 (16). — C. 59 - 79.

VY miff crarTi po3MIAAAIOTHCS TOMEPEYHI KOMMBAHHSA TNPSMOKYTHOI IUIACTHHYACTOL
KOHCTPYKIii, BCl CTOPOHU SIKOT 3aKpiIlIeHi, MiJl €10 HOPMAIBEHUX HaABaHTAXXEHb, IIPUKJIIAICHAX
0 i TIOBepxHi, 3 BUKOPHCTAaHHAM Teopii OIMOMEHTHHX IUTaCTHH. 3amady Oysio BHPIIICHO
METOZOM CKIHYEHHHX pi3HUIb. [IpescTaBiIeHo YMCIIOBI pe3ynbTaTH po3paxyHKy HOPMaJIbHUX
nepeMimieHs Ta HanpykeHsb. [n.: 2. Ta6mn.: 5. biomiorp.: 10 Ha3B

KawuoBi cjoBa: mnepeMillleHHs, HAnpyKCHHsS, MOMCHTH, OIMOMEHTH, Teopis
0IMOMEHTIB, HOPMaJIbHC HaBaHTAXKCHHS, 3CYBHEC HABaHTA)XXCHHS, PIBHSAHHA PyXy, T'PaHUYHI

YMOBH, METOJI CKIHYEHHHX Pi3HUIb.

UDK 539.3

Transverse oscillation of a plate structure with all sides fixed under normal loads /
Makhmatali Usarov, Shukhrat Askarkhodjaev, Furqat Usanov // Herald of the National
Technical University "KhPI". Series of "Informatics and Modeling". —Kharkov: NTU "KhPI".
—2026. —No 2 (16). — P. 59-79.

This article examines the transverse vibration of a rectangular plate structure, with all
sides fixed, under normal loads applied to its surface using bimoment plate theory. The problem
was solved using the finite difference method. Numerical results for calculating the normal
displacements and stresses are presented. Fig.: 2. Tables: 5. References: 10.

Keywords: displacements, stresses, moments, bimoments, bimoment theory, normal
load, shear load, equations of motion, boundary conditions, finite difference method.
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